Journal of Information and Computing

Application of Markov Chain Monte Carlo Methods in Social Network

Theory Models: A Social Capital Perspective

Ai Zhengwu, Xie Feifan
Changsha University of Science and Technology, Hunan.

Abstract: This study examines the use of the Markov Chain Monte Carlo (MCMC) method in
social network theory models, focusing on social capital. The research revisits core concepts of
social capital theory and social network analysis, detailing MCMC's application in social network
simulation, dynamic modeling of social capital, and parameter inference. The findings demonstrate
that MCMC effectively addresses high-dimensional issues and dynamic processes in complex social
networks, offering a new analytical tool for social capital research. This study introduces a
framework integrating social capital theory, social network analysis, and statistical physics,
enhancing the understanding of social capital dynamics and providing methodological guidance for

future studies.
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I. Introduction

Social capital theory and social network
analysis are crucial for understanding complex
social phenomena. Traditional methods often
struggle with large-scale, dynamic network
structures. This study explores the potential of
the Markov Chain Monte Carlo (MCMC)
method in social network theory models,
particularly from the perspective of social
capital.

I1. Theoretical Foundation
A. Overview of Social Capital Theory!!!

Social capital theory, central to modern
sociology and economics, emphasizes the value
of resources within social relationships. Key
contributors to the theory include Pierre
Bourdieu, James Coleman, and Robert Putnam.
1. Bourdieu's View of Social Capital

Pierre Bourdieu defines social capital as

"the aggregate of the actual or potential

resources linked to possession of a durable
network." His definition underscores:
a. Durability: Social capital is built on
long-term, stable relationships.
b. Network Nature: It
networks of relationships.

exists within

c. Resourcefulness: Social capital can
transform into other forms, like economic or
cultural capital.

Bourdieu's framework can be expressed
as:

Social Capital = f(Network Size, Network
Quality, Personal Ability)

Here, network size refers to the number of
relationships an individual can mobilize,
network quality involves the strength and
influence of these relationships, and personal
ability refers to an individual's capacity to

utilize these relationships.
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2. Coleman's Theory of Social Capital

James Coleman highlights that social
capital within  the
interpersonal relationships, facilitating certain

exists structure  of
actions. He identifies several key forms of
social capital:

a.Obligations and Expectations:
Reciprocity-based exchanges.
Channels:  Access to
valuable information through social ties.

Shared behavioral

b.Information
c.Social Norms:
standards and values.
d.Authority Relations: The power some
individuals or groups have to control others.
e.Multi-functional Social Organizations:
Structures serving multiple purposes.
Coleman's theory can be summarized as:
Effect of Social Capital = £(Obligations +
Information Acquisition + Norm Compliance +
Authority  Obedience  +
Participation)
3. Putnam's Expansion of Social Capital

Organizational

Robert Putnam extended social capital to
community and national levels, emphasizing its
importance for democracy and economic
development. His theory includes:

a.Bonding Social Capital: Strengthens ties
within homogeneous groups.

b.Bridging Social Capital: Connects
different social groups.

Putnam's social capital index is
represented as:

Social Capital Index = wl(Civic
Engagement) + w2(Social Trust) +
w3(Reciprocal Norms) + w4(Network Density)

where wl, w2, w3, w4 are weight
coefficients.

Three Dimensions of Social Capital

Based on these theories, social capital can
be categorized into three dimensions:

Structural Dimension: Focuses on the

patterns and intensity of network connections,
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represented by an adjacency matrix A, where
Aij = 1 indicates a connection between nodes i
and j, and Aij = 0 indicates no connection.
Analytical methods include network density D
=2m / n(n-1), where m is the number of edges
and n is the number of nodes.
Dimension: Involves

Relational trust,

norms, and obligations, represented by a
weighted adjacency matrix W, where Wij
indicates the strength or quality of the
relationship between nodes i and j. Analytical
methods include social trust indices and
reciprocity indices, with Reciprocity index R =
(Number of mutual connections) / (Total
number of connections).

Cognitive Dimension: Refers to shared
representations, interpretations, and meaning
systems, represented by a vector V indicating
each node's attributes or values. Analytical
methods include homogeneity indices and
cultural distance measures, with Homogeneity
index H = Zij(1 - |Vi- Vj|) / n(n-1).

These dimensions collectively form the
framework of social capital.

B. Application of Social Network Theory in
Social Capital Research

Social network theory offers essential
tools and methodologies for analyzing social
capital, focusing on:

1. Network Structure

Density: Defined as the proportion of
actual connections in the network to all
possible connections, with formula D = 2m /
n(n-1).

Centrality: Degree Centrality is the
number of direct connections a node has, Cd(i)
= 2j Aij. Closeness Centrality is the inverse of
the average distance from a node to all other
nodes, Cc(i) = (n-1) / %j d(i,j). Betweenness
Centrality is the frequency with which a node
appears on the shortest paths between other

nodes, Cb(i) = Zst(gst(1) / gst).
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Clustering Coefficient: Measures the
degree of mutual connection among a node's
neighbors, with formula Ci = 2ei / (ki(ki-1)).

High centrality and clustering coefficients
often indicate more social capital and influence.
2. Network Position

Structural Holes: Gaps in a network
connecting different subgroups, measured by
the constraint index C(i) = Zj(pi,) + Zq piq
pqj)*2, where pi,j is the proportion of 1i's
investment in its relationship with j.
Roles: Nodes
different groups play roles like coordinator,
consultant, representative, gatekeeper, and

Brokerage connecting

liaison. Different brokerage roles can lead to
varying types of social capital accumulation.
3. Network Dynamics

Information  Flow: Modeled using
diffusion models such as the SIR model: dS/dt
= -BSI, dI/dt = BSI - yI, dR/dt = yI.

Resource Diffusion: Described by random
walks or Markov chain models, revealing the
distribution and accumulation of social capital.

etwork Evolution: Modeled using dynamic
network models, such as time-varying ERGM,
to describe changes in network structure over
time. Understanding network evolution helps
explain long-term social capital accumulation.

These concepts and methods in social
network analysis provide robust tools for
quantitatively social
formation,

analyzing capital

accumulation, and flow. By
integrating social capital theory with social
network analysis methods, we gain a better
understanding of the role and dynamics of

social capital in modern society.

I11. Markov Chain Monte Carlo Methods
(MCMCO)
A. Basic Principles of MCMC

MCMC is a computational method used to
sample from

complex probability

distributions!?!. Its core idea is to construct a
Markov chain whose stationary distribution is
the target distribution.

1. Fundamentals of Markov Chains

A Markov chain is a stochastic process
{X0, X1, X2, ...}, where the probability
distribution of each state Xn depends only on
the previous state Xn-1:

P(Xn=x|X0=x0, X1 =x1, ..., Xn-1 =
xn-1) =P(Xn=x | Xn-1 = xn-1)

The key property of a Markov chain is its
transition probability matrix P, where Pij
represents the probability of transitioning from
state 1 to state j.

2. Stationary Distribution

A stationary distribution 7 is a probability
distribution that satisfies:

n=nP

This means that if the initial distribution
of the Markov chain is m, its distribution
remains 7 after any number of steps.

3. Core Idea of MCMC

The goal of MCMC is to construct a
Markov such that its stationary
distribution is the target distribution. The main

chain

steps include:

a. Constructing a transition probability
matrix P such that the target distribution 7 is its
stationary distribution.

b. Starting from an initial state, perform
multiple transitions according to P.

c. After sufficient time, the state of the
Markov chain will approximately follow the
target distribution .

4. Metropolis-Hastings Algorithm

The Metropolis-Hastings algorithm is a
key implementation of the MCMC method. Its
steps are as follows!3):

a.Initialization: Choose an initial state x0

b.Fort=0, 1, 2, ... a. Generate a candidate
state x' (sampled from the proposal distribution
q(x'|xt)) b. Calculate the acceptance probability:
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a = min(l, (n(x)q(xtx") / (n(xt)q(x'|xt))) c.
Accept x' with probability a, ie.: xt+1 = x'
(with probability a), xt+1 = xt (with probability
1-a)

Here, m(x) is the target distribution, and
q(x'|x) is the proposal distribution. It can be
proven that this algorithm will eventually
converge to the target distribution m through the
detailed balance condition:

n(x)P(x — x') = n(x")P(x' — x)

5. Gibbs Sampling

Gibbs sampling is a special case of
MCMC, particularly suited for
multidimensional distributions. Suppose we
want to sample from the joint distribution p(x1,
X2, ..., Xn):

a. Initialization: (x1(0), x2(0), ..., xn(0))

b. Fort=1, 2, ... a. Fori=1 to n: Sample
xi(t) from the conditional distribution p(xi |
x1(t), ..., xi-1(t), xi+1(t-1), ..., xn(t-1))

The advantage of Gibbs sampling is that it

does not require designing a proposal
distribution, and the acceptance probability is
always a.
B. Advantages of MCMC in Complex System
Theory Models

MCMC is effective in handling
high-dimensional problems, where direct

computation or sampling is often infeasible.
For instance, in social network analysis, if we
consider n nodes, the number of possible edges
is n(n-1)/2, making it impossible to enumerate
all possible network configurations directly.
MCMC
sampling in this high-dimensional space.

allows effective exploration and

MCMC can also handle various complex
probability distributions, including those with
unknown or difficult-to-calculate normalization
constants. For example, in social network
analysis, we often encounter probability
distributions such as:

P(G) = exp(0'T(G)) / Z(0)
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where Z(0) is a normalization constant
that is difficult to compute directly. MCMC
enables us to sample and estimate parameters
without needing Z(0).

Under
ergodicity, MCMC guarantees convergence to
the target distribution. The convergence rate

certain conditions, such as

depends on the mixing time of the Markov
chain. Theoretically, if a Markov chain is
irreducible and aperiodic, and the target
distribution 7 is its stationary distribution, then:

lim(t—o) P(xt =j | x0 = 1) = n(j)

In cases of missing data, MCMC can infer
through data augmentation techniques. For
networks, if
information is

example, in social some

relationship missing, these
missing edges can be treated as latent variables
and simultaneously inferred during the MCMC

Process.

IV. Application Framework of MCMC in

Social Network Theory Models

A. Theoretical Representation

Networks Using MCMC

1. Network Generation Model
MCMC can generate random networks

of Social

with specific attributes. A detailed example is
the implementation of the Exponential Random
Graph Model (ERGM):
The general form of ERGM is:
P(G) = exp(0'T(G)) / Z(0)
where:
» G is the network
» T(G) = (TG), T2(G), ..., Tk(G)) is a
vector of network statistics
» 0=(01, 02, ..., 6k) is the parameter vector
»  Z(0) = ZG exp(0'T(G)) is the normalization
constant
MCMC Algorithm Steps:
a. Initialization: Choose an initial network
GO.
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b. For t =1, 2, ..., N: a. Randomly select
an edge (i) b. If (i,j) exists, propose to delete it;
if it does not exist, propose to add it c.
Calculate the acceptance probability: a = min(1,
exp(0'(T(G") - T(G)))), where G' is the proposed
new network d. Accept the new network with
probability .

This process generates a series of
networks G1, G2, ..., GN, whose distribution
will converge to that specified by ERGM.

2. Network Representation of Social Capital

MCMC can simulate the distribution and
flow of social capital within a network. The
state space is defined as S = {s | s is a
distribution of social capital in the network},
and the transition probability P(s' | s) represents
the likelihood of transitioning from one social
capital distribution to another.

MCMC Algorithm:

a. Initialization:  Choose an initial
distribution of social capital s0

b. For t =1, 2, ..., N: a. Propose a new
distribution of social capital s' b. Calculate the
acceptance probability: a = min(1, (n(s")P(s|s"))
/ (m(s)P(s'|s))) c. Accept the new distribution
with probability o, where n(s) is the stationary
distribution of the social capital distribution of
interest.

B. Dynamic Theoretical Models of Social
Capital Based on MCMC
1. Social Capital Accumulation Process

The social capital accumulation process is

modeled as:

SC(t+1) = f(SC(t), N(t), I(t))

where:

SC(t) is the social capital at time t
N(t) is the network structure at time t
I(t) is the interaction at time t
MCMC Implementation:

a. Initialization: SC(0), N(0)

b. For t = 0, 1, 2, ..., T-1: a. Generate
interaction I(t) b. Propose a new social capital

VV VYV

distribution  SC'(t+1) c¢. Calculate the
acceptance probability: a = min(1, P(SC'(t+1) |
SC(1), N(t), I(t)) / P(SC(t+1) | SC(t), N(1), I(1)))
d. Accept SC'(t+1) with probability a,
otherwise keep SC(t+1) = SC(t) e. Update
network structure N(t+1)

2. Network Evolution and Social Capital'!

The transition probability for network
evolution is defined as P(G(t+1) | G(t), SC(t)).

MCMC Algorithm:

a.Initialization: G(0), SC(0)

b. Fort=0, 1, 2, ..., T-1: a. Propose a new
network structure G'(t+1) b. Calculate the
acceptance probability: a = min(1, P(G'(t+1) |
G(t), SC(t)) / P(G(t+1) | G(t), SC(t))) c. Accept
G'(t+1) with probability a, otherwise keep
G(t+1) = G(t) d. Update social capital SC(t+1)
C. Application of MCMC
Inference of Social Network Theory!™
1. Theoretical Derivation of Network Statistics

In ERGM:

P(G|0) = exp(0'T(QG)) / Z(6)

Parameter Estimation Steps:

a. Define Likelihood Function: L(0) =
P(G_obs|0) = exp(8'T(G_obs)) / Z(0)

b. Maximum Likelihood Estimation:
0 MLE = argmax_60 L(0)

Since Z(0) is difficult to compute directly,
the MCMC method is used:

Monte Carlo Maximum Likelihood
Estimation (MCMLE):

» Use MCMC to generate sample networks,
estimate E_6[T(G)]

in Parameter

» Update parameter: 6 new = 6 old +
N(T(G_obs) - E_O[T(G)])

» repeat until convergence
Bayesian Inference:

» Define prior distribution p(0)

» Posterior distribution: p(0]G_obs) o<

P(G_obs|0)p(0)
» Use Metropolis-Hastings
sample from the posterior distribution

algorithm to
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2. Conceptual Inference of Latent Variables

Model: P(L|G) == P(G|L)P(L)

where L is the latent variable (such as trust
or reciprocity), and G is the observed network.

MCMC Algorithm:

a. Initialization: Choose initial values of
latent variables LO

b. For t = 1, 2, ..., N: a. Propose new
values of latent variables L' b. Calculate the
acceptance  probability: o = min(l,
(P(GIL"P(L") / (P(G|L)P(L))) c. Accept L' with
probability a, otherwise keep L

This process generates samples from the
posterior distribution of the latent variables L.

Through  these detailed
derivations and algorithmic descriptions, we
see how the MCMC method is applied in
various aspects of social network analysis, from
network generation to parameter estimation and

theoretical

latent variable inference. The flexibility and
robustness of this method make it a powerful
tool for addressing complex social network
problems.

V. Theoretical Contributions and
Methodological Innovations

A. New Insights into Social Capital Theory!®]

1. Dynamic Perspective: MCMC captures
the dynamic processes of social capital
formation and accumulation, surpassing the
limitations of traditional static analyses.

2. Multi-Level Analysis: By simulating
processes at individual, group, and overall
network levels, MCMC helps in understanding
the performance and impact of social capital at
different levels.

3. Nonlinearity and Emergent Properties:
MCMC can simulate nonlinear interactions in
complex  systems, revealing  emergent
phenomena in social capital accumulation and

network evolution.
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B. Methodological Innovations of MCMC in
Social Network Theory Analysis

1. Complex Network Modeling: MCMC is
a powerful tool for constructing and analyzing
complex social network models, capable of
handling high-dimensional, nonlinear problems
that traditional methods struggle with.

2. Parameter Estimation: MCMC offers a
more flexible and robust parameter estimation
method for networks with complex dependency
structures.

3. Scenario Simulation: MCMC allows
researchers to simulate network evolution and
social capital under various
hypothetical opening  new
possibilities for theoretical exploration and

dynamics
scenarios,

policy analysis.

VI. Conclusion

The MCMC method provides new
analytical perspectives and tools for social
network theory models, particularly in social
capital research. By effectively managing
complex, dynamic, and high-dimensional
network structures, MCMC can uncover subtle
processes of social capital formation and
accumulation that traditional methods may miss.
Despite some limitations, the application of
MCMC in social network analysis represents a
promising research direction, likely to deepen
our understanding of social capital dynamics
and social networks.
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